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Abstract
We show that the supersymmetric near horizon geometry of heterotic black
holes is either an AdS3 fibration over a 7-dimensional manifold which admits a
G2 structure compatible with a connection with skew-symmetric torsion, or it is
a product R1,1 × S8, where S8 is a holonomy Spin(7) manifold, preserving 2 and
1 supersymmetries respectively. Moreover, we demonstrate that the AdS3 class
of heterotic horizons can preserve 4, 6 and 8 supersymmetries provided that the
geometry of the base space is further restricted. Similarly R1,1 × S8 horizons with
extended supersymmetry are products of R1,1 with special holonomy manifolds.
We have also found that the heterotic horizons with 8 supersymmetries are locally
isometric to AdS3× S3× T 4, AdS3× S3×K3 or R1,1× T 4×K3, where the radii of
AdS3 and S
3 are equal and the dilaton is constant.
1 Introduction
It has been known for some time, following Israel’s uniqueness proof for the Schwarzschild
black hole [1] and the early results of [2, 3], that the most general rotating asymptotically
flat black hole solution in four dimensions is the Kerr solution [4] which is characterized by
its mass and angular momentum. These results have also been generalized to black holes
with electric and magnetic charges [5, 6]. Under certain assumptions, four-dimensional
black holes exhibit spherical horizon geometry; for a recent review of these classic results
as well as an extended set of references see [7]. In five dimensions, there are no generic
black hole uniqueness theorems, and most of the investigations have focused either on
the supersymmetric case, or on static solutions. It has been shown [8] that the near
horizon geometries of supersymmetric black holes are either the near-horizon geometry
of the BMPV black hole [9], or AdS3 × S2, or R1,1 × T 3; and so the horizon is either
a (squashed) S3, or S1 × S2 or T 3, respectively. For the first two cases, the full black
hole solutions, and not just the near horizon geometries, are known. In particular, it has
been shown in [8] that the only supersymmetric, regular, asymptotically flat black hole
which has the near-horizon BMPV solution as its near horizon geometry is the BMPV
black hole [9]; when the BMPV black hole is static, the near horizon geometry simplifies
to AdS2 × S3. It is also known that the supersymmetric black ring found in [10] has
near-horizon geometry AdS3 × S2 (which is also the near horizon geometry of the black
string [11]); however in this case it is not known if the supersymmetric black ring is the
unique solution with this near-horizon geometry. No black hole solution has been found
with near horizon geometry1 R1,1 × T 3. Uniqueness theorems have also been constructed
in various theories for static black holes in higher dimensions [12, 13], and for black holes
that admit a sufficient number of commuting rotational isometries [14, 15, 16, 17, 18]. An
effective worldvolume theory for higher dimensional black branes has also been recently
proposed in [19].
The main aim of this paper is to investigate the near horizon geometry of supersym-
metric heterotic black holes. For this, we shall use the solution of the Killing spinor
equations (KSE) of heteroric supergravity presented in [20, 21, 22] and adapt the results
to the near horizon geometry of supersymmetric black holes. The latter is described in
a Gaussian null co-ordinate system adapted to the stationary Killing vector field of a
black hole. The description of this coordinate system as well as the definition of the near
horizon geometry are reviewed in section 2. We shall mostly focus on the near horizon
geometries for which the 3-form flux H is closed. This is the case whenever the anoma-
lous contribution to the Bianchi identity vanishes. However, we shall also investigate the
geometry of the solutions with dH 6= 0 and point out the differences between the two
cases.
Supersymmetric solutions of heterotic supergravity always admit a null, ∇ˆ-parallel,
and so Killing, vector field V , where ∇ˆ is the connection whose skew-symmetric torsion
is the 3-form flux of the theory. Moreover, the supersymmetric solutions for which the
holonomy of ∇ˆ is compact admit at least one time-like ∇ˆ-parallel, and so Killing, vector
field. It is clear from this that all heterotic supersymmetric black holes, and so their near
1It is likely that there is no black hole solution with R
1,1 × T 3 near horizon geometry and this
background is just the vacuum of a compactification of 5-dimensional supergravity to two dimensions.
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horizon geometries, admit at least one null Killing vector field defined everywhere on the
black hole spacetime. The compactness of the horizon imposes additional restrictions on
the geometry. In particular, there are near horizon geometries which preserve 2, 4, 6
and 8 supersymmetries. The geometry of spacetime for this class is a principal bundle
P (G,B; π) with fibre group G = SL(2,R) × H , where H = {1}, U(1) and SU(2), and
the base space B has structure group G2, SU(3) and SU(2), respectively. The structure
group of B is compatible with a metric connection ˆ˜∇ with skew-symmetric torsion. In
the cases with 2, 4 and 6 supersymmetries, the SL(2,R) subgroup is gauged over B with
a U(1) connection, and the fibration can be geometrically twisted. The dilaton may not
be constant and typically depends on the coordinates of B. However, in the cases with 8
supersymmetries, the spacetime is a product AdS3 ×M7 and the dilaton is constant.
We furthermore show that all other near-horizon geometries have a constant dilaton,
and the 3-form flux vanishes. In this case, the near horizon geometries that admit one
supersymmetry are isometric to R1,1 × S8, where S8 is a holonomy Spin(7) manifold.
Moreover, there are also solutions R1,1 × S8 which preserve 2, 3, 4 and 8 supersymme-
tries provided that S8 has holonomy SU(4) (Calabi-Yau) and G2, Sp(2) (hyper-Ka¨hler),
×2Sp(1) and SU(3) (Calabi-Yau), and Sp(1) (hyper-Ka¨hler) manifold, respectively. A
more detailed exposition which includes the geometry of the horizons can be found in
table 1.
The near horizon geometries with 8 supersymmetries are also classified. We prove that
they are isometric2 up to discrete identifications, to AdS3 × S3 × T 4, AdS3 × S3 × K3
and R1,1 × T 4 × K3. In the first two cases, the fibre group G = SL(2,R) × SU(2),
SL(2,R) = AdS3 and SU(2) = S
3 does not twist over the base space T 4 or K3 and the
solution is a product. The radii of AdS3 and S
3 are equal, the dilaton is constant and
the 3-form field strength is the sum of the volume forms of the non-abelian groups in the
product. Moreover, we demonstrate that AdS3× S3× T 4 does not receive α′ corrections.
Our paper is organized as follows. In section 2, we examine the relation between
near horizon geometries and supersymmetry, emphasizing some of the silent features. In
section 3, we solve the KSEs for heterotic horizons which exhibit one superymmetry. In
section 4, we show heterotic horizons with non-trivial fluxes necessarily exhibit at least 2
supersymmetries, and the spacetime admits a G2 structure. In section 5, we analyze the
KSEs for heterotic horizons with extended supersymmetry, and find that the solutions
with non-trivial fluxes preserve 2, 4, 6 and 8 superymmetries. In sections 6, 7 and 8, we
solve the KSEs for heterotic horizons with non-trivial fluxes and identify the spacetime
geometry. In particular in section 8, we classify all heterotic horizons that preserve 8
supersymmetries. In section 9, we first examine the α′ corrections of heterotic horizons.
Then we compare our heterotic horizon geometries with those that arise in the context
of brane configurations, and discuss the regularity of the dilaton. In section 10, we give
our conclusions. In appendices A and B, we have collected some calculations necessary
for the analysis of the KSEs.
2If the dilaton is allowed to be singular on the horizon, AdS3 × S3 × S3 × S1 is also a solution. In
particular, the dilaton depends linearly on the angular coordinate of S1 and so it is not periodic.
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2 Near horizon geometry and N = 1 supersymmetry
2.1 Near horizon limit for extreme black holes
In what follows, we shall focus on black holes for which the event horizon is a Killing
horizon, i.e. there is a time-like (stationary) Killing vector field K defined everywhere
on the spacetime which becomes null only on the horizon. It has been shown for non-
extremal black holes in higher-dimensional Einstein-Maxwell theory that the event horizon
is a Killing horizon, and furthermore there must exist at least one rotational Killing vector
[23]. A similar analysis has been carried out for extremal solutions of Einstein-Maxwell-
Dilaton theory in [24], and modulo certain technical assumptions, the same result holds.
However, for the heterotic theory under consideration here, we shall simply assume that
the event horizon is a Killing horizon. Therefore H is identified with the hyper-surface
given by g(K,K) = 0. Under this assumption, one can adapt Gaussian null coordinates
to K and the black hole metric near H can be written as [25]
ds2 = 2(dr + rhIdy
I + rfdu)du+ γIJdy
IdyJ , (2.1)
where K = ∂u and the components of the metric depend on r, y. The r coordinate is
chosen such that H is located at r = 0. Since g(K,K) = rf , K becomes null at the
horizon as expected. Regularity at the horizon requires that at r = 0 the metric is
non-singular; typically the components of the metric are taken to be analytic in r.
The expression (2.1) for the metric is not unique. If V is any other Killing vector field
such that
g(V, V )|H = 0 , LV g(K,K) = 0 , (2.2)
one can introduce a Gaussian null co-ordinate system adapted to V . The expression for
the spacetime metric is as in (2.1) but now V = ∂u. We shall use this arbitrariness
in adapting a Gaussian null co-ordinate system in the investigation of supersymmetric
black holes later. The spatial horizon section S8 given by u = const, r = 0, with metric
ds2S = γIJdy
IdyJ , is required to be compact. The above analysis can also be adapted in
the presence of fluxes, like a Maxwell field, or supergravity form field strengths.
Since the components of the metric in (2.1) are analytic in r, one has an expansion
hI(y, r) =
∞∑
n=0
rn
n!
∂nr hI |r=0 ,
f(y, r) =
∞∑
n=0
rn
n!
∂nr f |r=0 ,
γIJ(y, r) =
∞∑
n=0
rn
n!
∂nr γIJ |r=0 . (2.3)
Some black hole properties depend on the first few non-vanishing terms in the above
analytic expansions. In particular, calculating the surface gravity, one finds that
iKdK|r=0 = −f(y, 0)K|r=0 , (2.4)
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where we have used the same symbol to denote the vector field K and the associated
1-form. Thus if f(y, 0) 6= 0, the black hole has temperature. So for extreme black holes,
one should take f(y, 0) = 0.
To define the near horizon geometry of an extreme black hole, we perform the coordi-
nate transformation
r → ǫr , u→ ǫ−1u , yI → yI (2.5)
and in the resulting metric, we take the limit ǫ → 0. After taking this limit, the metric
reads as
ds2 = 2(dr + rhIdy
I + r2∆du)du+ γIJdy
IdyJ , (2.6)
where now hI and γIJ are evaluated at r = 0 and ∆ = ∂rf |r=0. Observe that if f(y, 0) 6= 0,
the above limit does not exist. Thus the near horizon geometry can only be defined for
extreme black holes.
The near horizon geometry (2.6) of an extreme black hole admits, in addition to
K = ∂u, an extra Killing vector field
D = −r∂r + u∂u , (2.7)
associated with the scale symmetry r → ℓ r , u→ ℓ−1 u which does not commute with
K, i.e.
[K,D] = K . (2.8)
In the presence of other fields, like Maxwell or supergravity form field strengths, one
can extend the definition of the above limit. In particular for heterotic supergravity, the
theory admits a 2-form gauge potential B. So one has
B = bdu ∧ dr + bIdr ∧ dyI + cIdu ∧ dyI + bIJdyI ∧ dyJ , (2.9)
where all components depend on yI and r coordinates. Assuming analyticity in the
components of B in the r coordinate, one can define the near horizon gauge potential
by taking the limit (2.5) provided that cI(y, 0) = 0. This condition is similar to the
extremality restriction for the metric. After taking the limit, the gauge potential can be
rearranged as
B = r du ∧N + S du ∧ (dr + rhIdyI) +W , (2.10)
where now S is a scalar function, and N and W are 1- and 2-forms on S8, respectively.
The bI component of B vanishes in the limit. Observe that B is also invariant under the
scale symmetry generated by Killing vector (2.7). One therefore concludes that the scale
symmetry is a generic feature of the near horizon geometries. The dilaton Φ in the near
horizon limit depends only on the y coordinates.
For later use, we collect the heterotic fields in the near horizon limit as
ds2 = 2e+e− + δije
iej ,
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H = e+ ∧ e− ∧ (dS −N − Sh)+ re+ ∧ (h ∧N − dN − Sdh)+ dW ,
Φ = Φ(y) , (2.11)
where H := dB,
e+ = du , e− = dr + rh+ r2∆du , ei = eiIdy
j , (2.12)
and γIJ = δij e
i
Ie
j
J .
2.2 Supersymmetry
The supersymmetric heterotic backgrounds have been classified in [20, 21]. There are two
large classes of supersymmetric heterotic backgrounds depending on whether the holon-
omy of the connection, ∇ˆ, with skew-symmetric torsion H , is a subgroup of a compact or
non-compact isotropy group of ∇ˆ-parallel spinors. We shall first focus on the non-compact
case and in particular on the backgrounds which preserve one supersymmetry. For these
backgrounds the holonomy of ∇ˆ is contained in Spin(7) ⋉ R8 and admit a local frame
(e+, e−, ei) such that
∇ˆe− = 0 , ∇ˆ(e− ∧ φ) = 0 , (2.13)
where
φ =
1
4!
φi1...i4e
i1 ∧ · · · ∧ ei4 , (2.14)
is the self-dual fundamental form of Spin(7). This is the full content of the gravitino
KSE. The dilatino KSE implies that
∂+Φ = 0 , de
− ∈ spin(7)⊕ R8 , 2∂iΦ = (θφ)i +H−+i , (2.15)
where θφ = −16 ⋆ (⋆d˜φ ∧ φ) is the Lee form of φ and d˜ is the exterior derivative projected
along the directions transverse to the light-cone. For a detailed explanation of these
results and for our notation, see [20, 21].
The metric and 3-form field strength can then be expressed as
ds2 = 2e−e+ + δij e
iej
H = d(e− ∧ e+) + e− ∧ L+ H˜ , H˜ = 1
3!
Hi1i2i3e
i1 ∧ ei2 ∧ ei3 , (2.16)
where L ∈ spin(7) is not determined by the KSEs and H˜ can be expressed in terms of φ
and its first derivatives as
H˜ = − ⋆ d˜φ+ ⋆(θφ ∧ φ) . (2.17)
The expression for H˜ is as that for 8-dimensional manifolds with Spin(7)-structure and
compatible connection with skew-torsion [26]. This is the full content of the KSEs.
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2.3 Supersymmetric heterotic black holes
Supersymmetric black holes are those black holes of supergravity theories that also satisfy
the KSE, and the Killing spinor vector bilinear(s) are well-defined everywhere on the
spacetime, and in particular analytic3 in r near the horizon.
Suppose that V is a Killing vector field constructed as spinor bi-linear. If g(V, V ) = 0
at H and the black hole is extreme, using g(K,K) = 0, one can show that
LV g(K,K)|H = 0 , (2.18)
i.e. a Gaussian null coordinate system can be adapted to V as well and the metric can
be written as in (2.1).
Now let us turn to the heterotic case. Supersymmetric backgrounds in heterotic theory
admit always a null ∇ˆ-parallel, and so Killing, vector field constructed as a Killing spinor
bi-linear. Depending on the number of supersymmetries and the holonomy of ∇ˆ, they
may admit a time-like and several space-like ∇ˆ-parallel, and so Killing, Killing spinor
vector bi-linears. The time-like and spacelike ∇ˆ-parallel vector fields cannot be used to
adapt a null Gaussian coordinate system for a black hole. This is because their length is
constant and so they do not vanish anywhere on the spacetime. So it remains to consider
the null vector bilinears V . Since V is null, g(V, V ) = 0 everywhere on the spacetime and
so on the horizon as well. Moreover for extreme black holes one also has (2.18) and so a
Gaussian null coordinate system can be adapted to V . For such a system V = ∂u is null
and so one has f = 0. If in addition, we take the near horizon limit now adapted to V ,
the heterotic fields are given in (2.16) and (2.17) but now with ∆ = 0.
It is not apparent what kind of supersymmetric black holes one should expect to be
present in heterotic supergravity. Asymptotically flat black holes with fluxes flowing over
an 8-sphere at infinity may be ruled out because of the presence of an everywhere null
Killing vector field which suppresses the dependence on a radial direction that it is needed
for the appropriate decay of the fields.
The class of superymmetric black holes that is expected to be present consists of
the Kaluza-Klein (KK) black holes. It may seem worrying that if KK black holes are
solutions of heterotic supergravity, there is not a time-like Killing vector field constructed
from Killing spinor bilinears which becomes null at the horizon. However, this is not
necessary. Some cases are known for which, after lifting a black hole solution from a
lower-dimensional theory to 10 or 11 dimensions, the stationary time-like Killing vector
field becomes null everywhere on the spacetime. This happens, for example, when we lift
the asymptotically AdS5 black hole of 5-dimensional supergravity [27] to IIB supergravity.
Note though that our assumptions in 10 dimensions require that the spacetime admits a
time-like Killing vector field K which becomes null at the horizon. However K may not
be written as a Killing spinor bilinear. Nevertheless it is an additional restriction on the
geometry of such black hole spacetimes.
We shall solve the heterotic KSEs at the near horizon limit by adapting a Gaussian
null coordinate system to the null Killing vector field constructed from a Killing spinor bi-
linear. We shall refer to all these solutions as heterotic black horizons or simply horizons.
However, it is not apparent that all these geometries can be extended to a black hole
3This is an assumption and it may not follow from the KSEs of supergravity theories.
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spacetime. It is likely that some of them are simply the Kaluza-Klein vacua of compacti-
fications of heterotic supergravity to two dimensions. Nevertheless the heterotic horizons
include all the near horizon geometries of extreme supersymmetric heterotic black holes.
3 N=1 heterotic horizons
3.1 N=1 supersymmetry
As we have explained in the previous section, we adapt Gaussian null coordinates to the
vector field constructed as a bilinear of the Killing spinor of these backgrounds. In general,
the natural frame adapted to supersymmetric backgrounds (e+, e−, ei) is distinct to that
associated with the Gaussian null coordinates (e+, e−, ei). But, as we have explained,
the Gaussian null coordinates are taken with respect to the null Killing spinor bilinear,
e− = e−. Moreover, we shall show in appendix A that without loss of generality, one can
set
e− = e− , e+ = e+ , ei = ei ; ∆ = 0 , (3.1)
where ∆ vanishes because the Killing vector field is null. Comparing the expression for
H in (2.16) and (2.11), one finds that
ds2 = 2e−e+ + ds˜2 , ds˜2 = δije
iej ,
H = d(e− ∧ e+) + H˜ , H˜ = dW ,
Φ = Φ(y) , (3.2)
where
e− = dr + rhie
i , e+ = du , ei = eiIdy
I , (3.3)
see also (2.12), and the Killing spinor is
ǫ = 1 + e1234 . (3.4)
It is essential in what follows to notice that h is a globally defined 1-form on the horizon
section S8. Observe that the term involving L in (2.16) vanishes in the near horizon limit.
The conditions that arise in the dilatino KSE (2.15) can be rewritten as
dh ∈ spin(7) , 2∂IΦ + hI = (θφ)I . (3.5)
The only condition that the gravitino KSE imposes is that the submanifold S8 given by
r = u = const has a Spin(7) structure. This is because every manifold with a Spin(7)
structure admits a compatible connection with skew-symmetric torsion given in (2.17).
In particular, one has that
ˆ˜∇IφJ1...J4 = 0 (3.6)
where ˆ˜∇ is the connection with skew-symmetric torsion constructed from the data (ds˜2, H˜)
of S8, and φ is the fundamental self-dual 4-form of Spin(7). However, the closure of H˜
given in (2.17) is not implied by the KSEs and has to be imposed as an additional
constraint.
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3.2 Field equations
It is known that the KSEs, the field equations of the 3-form flux, the E−− component of
the Einstein equations and dH = 0 imply all the rest of the field equations of heterotic
supergravity [20, 21]. So to find the heterotic horizons, we have to solve in addition to the
KSEs some of the field equations of the theory. Using the special geometry of heterotic
horizons (3.2), we decompose the field equation of the 3-form flux
d ⋆
(
e−2ΦH
)
= 0 (3.7)
in terms of the various forms defined on S8 as
∇˜i(hie−2Φ) = 0 , (3.8)
e2Φ∇˜j
(
e−2Φ(dh)ji
)
+
1
2
(dh)jkH˜
jki + hj(dh)
ji = 0 , (3.9)
e2Φ∇˜k
(
e−2ΦH˜kij
)
+ (dh)ij − hkH˜kij = 0 , (3.10)
where here the frame indices are those of S8, and ∇˜ is the Levi-Civita connection of ds˜2.
In what follows, we shall also use the field equation of the dilaton
∇˜2Φ− hi∇˜iΦ− 2∇˜iΦ∇˜iΦ+ 1
12
H˜ijkH˜
ijk − 1
2
hih
i = 0 , (3.11)
and the Eij component of the Einstein equations
R˜ij =
1
4
H˜imnH˜j
mn − 2∇˜i∇˜jΦ− ∇˜(ihj) , (3.12)
where R˜ij denotes the Ricci tensor of S8.
3.3 Solutions
3.3.1 h = 0
We first consider solutions for which h = 0. In this case, the dilaton field equation (3.11)
can be written as
∇˜2e−2Φ = 1
6
e−2ΦH˜ijkH˜
ijk . (3.13)
Hence, the maximum principle implies that Φ is constant and H˜ = 0. It follows that
H = 0 and the spacetime metric is
ds2 = ds2(R1,1) + ds2(S8) . (3.14)
Moreover S8 is a compact holonomy Spin(7) manifold [28]. Examples of such manifolds
can be found in [29]. Such geometries are also the vacua of heterotic compactifications to
two dimensions.
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Before we proceed to examine the remaining cases, it is worth mentioning that the
dilaton field equation together with compactness impose strong restrictions on the exis-
tence of solutions. This is the case irrespective of whether the solution is supersymmetric
or not, but it is dependent on the couplings. For this consider solutions with metric
ds2 = ds2(Rn,1) + ds2(X) , (3.15)
for which H is either purely magnetic or purely electric, and all fields depend only on the
coordinates of X . If X is compact, then it is clear that the dilaton field equation implies
that only solutions are those that have constant dilaton, H = 0 and X Ricci-flat. This is
in agreement with the more general results in [30]. A similar conclusion can be reached
using the KSEs [31].
3.3.2 H˜ = 0
Suppose that H˜ = 0. In this case, (3.6) implies that S8 is a holonomy Spin(7) manifold.
As a result the Lee form θ vanishes and the dilatino KSE implies that
h = −2dΦ . (3.16)
Substituting this condition into the dilaton equation (3.11), one obtains
∇˜2(e−2Φ) = 0 . (3.17)
Again compactness of S8 and the maximum principle implies that Φ is constant. In turn,
(3.16) gives h = 0. Thus the solutions we find are identical to those of the previous
section.
3.3.3 h 6= 0 and H˜ 6= 0
It remains to investigate the heterotic horizons for which both h and H˜ are non-vanishing.
It turns out that such solutions always preserve at least two supersymmetries, and both
the spacetime M and S8 admit a G2 structure. We examine this case in the following
section.
4 The G2 structure of heterotic horizons
Let us assume that h and H˜ do not vanish and that the heterotic horizons admit one
supersymmetry. To prove that such heterotic horizons admit two supersymmetries and
that the holonomy of the connection ∇ˆ reduces to G2, we shall show first that the Spin(7)
holonomy of ˆ˜∇ reduces to G2.
4.1
ˆ˜∇ has G2 holonomy
To proceed with the analysis, we shall first compute the Laplacian of h2, where h2 = hih
i.
In particular, we find the identity
9
∇˜2h2 + (−2dΦ+ h)j∇˜jh2 = 2∇˜(ihj)∇˜(ihj) + 1
2
(dh− ihH˜)ij(dh− ihH˜)ij . (4.1)
To obtain this expression, write
∇˜2h2 = 2∇˜ihj∇˜ihj + 2hj∇˜2hj = 2∇˜ihj∇˜ihj + 2∇˜i(dh)ijhj + 2R˜ijhihj + 2hj∇˜j(∇˜ihi) .
(4.2)
We then use the field equation (3.8) to eliminate the ∇˜ihi term in favour of 2hi∇˜iΦ, and
then use (3.9) and (3.12). After some re-arrangement of terms, one obtains (4.1).
Applying the maximum principle on (4.1) using the compactness of S8, we find that
h2 must be constant, and hence the RHS of (4.1) must vanish identically. Therefore, we
have that
∇˜(ihj) = 0 , dh = ihH˜ . (4.3)
These two conditions are equivalent to requiring that
ˆ˜∇h = 0 . (4.4)
Thus h is a ˆ˜∇-parallel vector of S8. Since the isotropy group of a non-vanishing element
in the spinor representation of Spin(7) holonomy is G2, the holonomy of
ˆ˜∇ is contained
in G2.
Using the above results, one can show the identities
ihdh = 0 , (4.5)
LhH˜ = 0 , (4.6)
LhΦ = 0 , (4.7)
and
Lhφ = 0 . (4.8)
The first identity follows from the properties that h2 is constant and h is Killing, the
second follows from the second condition in (4.3) and dH˜ = 0, the third follows from
(3.8), and the fourth follows from the first equation in (3.5) and (3.6).
4.2 Killing spinor equations revisited
Before we proceed to prove that the spacetime admits an additional supersymmetry, it is
convenient to reexamine the KSEs of the backgrounds assuming that they admit at least
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one supersymmetry, using the results of the previous section. Suppose that ǫ is a Killing
spinor. The gravitino KSE implies that ǫ does not depend on r. Moreover
ǫ =
u
2
hiΓ
−iη− + η+ + η− , Γ±η± = 0 , (4.9)
where η± = η±(y), solves the gravitino KSE, iff
ˆ˜∇η± = 0 , (4.10)
dhijΓ
ijη± = 0 . (4.11)
In addition ǫ solves the dilatino KSE, iff((
2dΦ∓ h)
i
Γi − 1
6
H˜ijkΓ
ijk
)
η∓ = 0 . (4.12)
Furthermore, it suffices to solve (4.10)-(4.12) for either η− or η+. Notice that if there is
a solution η+, then there is another solution with η− = Γ
+ihiη+, and vice versa. This is
because Γ+ihi and Γ
−ihi commute with (4.10) and (4.11), and anti-commute with (4.12)
up to a change of sign in the h term. One can demonstrate this by using the relations (4.3),
(4.4) and (4.5) of the previous section. This will simplify the analysis for all heterotic
horizons that admit more than one supersymmetry.
4.3 N=2 supersymmetry and G2 holonomy
To construct the second Killing spinor, we set η+ = 1 + e1234. This spinor satisfies the
KSEs (4.10)-(4.12) because these are the conditions that arise on the geometry from the
requirement that the solutions admit one supersymmetry. Moreover, we set η− = hiΓ
+iη+
and substitute this into (4.9) to find that the two linearly independent Killing spinors are
ǫ1 = 1 + e1234 , ǫ
2 = −k2u(1 + e1234) + hiΓ+i(1 + e1234) , (4.13)
where k2 = h2 is the constant length of h. It is easy to see from the results of [20] that
the isotropy group of both Killing spinors in Spin(9, 1) is G2. Therefore the holonomy of
∇ˆ reduces to a subgroup of G2.
4.4 Geometry
4.4.1 Geometry of spacetime
To investigate the geometry of spacetime, we first compute the 1-form bi-linears λ asso-
ciated with the Killing spinors (4.13) to find
λ− = e− , λ+ = e+ − 1
2
k2u2e− − uh , λ1 = k−1(h+ k2ue−) . (4.14)
Moreover, the associated vector fields ξa, a = −,+1, satisfy the Lie bracket algebra
[ξ+, ξ−] = −kξ1, [ξ+, ξ1] = kξ+, [ξ−, ξ1] = −kξ− , (4.15)
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which is isomorphic to sl(2,R). It is then a consequence of the classification results of
[20] that the spacetime is a principal bundle M = P (SL(2,R), B7; π) with fibre group
SL(2,R), base space B7 and principal bundle connection λ. Moreover the spacetime
metric and 3-form flux can be written as
ds2 = ηabλ
aλb + ds˜2(7) , H = CS(λ) + H˜(7) , (4.16)
where ds˜2(7) and H˜(7) is a metric and 3-form flux of B
7, respectively, ie ds˜2(7) and H˜(7) are
orthogonal to the directions λa. Moreover
CS(λ) =
1
3
ηabλ
a ∧ dλb + 2
3
ηabλ
a ∧ F b , (4.17)
is the Chern-Simons form of λ, where
Fa = dλa − 1
2
Hab1b2λ
b1 ∧ λb2 , (4.18)
is the curvature of λ. The dilaton Φ depends only on the coordinates of B7.
The curvature of λ is non-vanishing and so the SL(2,R) fibre twists over the base
space B7. In particular, one finds that
F+ = −u(1 + 1
2
k2ru)dh ,
F− = rdh ,
F1 = k−1(1 + k2ru)dh . (4.19)
Moreover a straightforward calculation reveals that
CS(λ) = du ∧ dr ∧ h+ rdu ∧ dh+ k−2h ∧ dh . (4.20)
Since F has only one independent component determined by dh, it is clear that only
an abelian subgroup of the SL(2,R) fibre is gauged. As expected Fa is a 2-form over B7,
because ihdh = 0, and a G2-instanton, i.e.
dh ∈ g2 . (4.21)
This can been seen from (4.11). The G2 fundamental form is
ϕ = k−1ihφ , (4.22)
where φ is the fundamental Spin(7) form. The conditions that arise from the dilatino
KSE (4.12) are
k − 1
6
Hijkϕ
ijk = 0 , θϕ = 2dΦ , (4.23)
where now i, j, k = 2, 3, 4, 6, 7, 8, 9.
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The geometric data (ds˜2(7), H˜(7)) of B
7 are compatible with a G2 structure, i.e. the
metric connection, ˆ˜∇(7), on B7 with skew-symmetric torsion H˜(7) has holonomy contained
in G2. This in turn determines H˜(7) in terms of the fundamental G2 form ϕ as
H˜(7) = kϕ+ e
2Φ ⋆7 d
(
e−2Φϕ
)
. (4.24)
In contrast to the Spin(7) case, not all 7-dimensional manifolds with a G2 structure admit
a compatible connection with skew-symmetric torsion [32]. For this to hold, one must in
addition have d[e−2Φ ⋆7 ϕ] = 0.
Furthermore, in the G2 holonomy case all the field equations of the heterotic super-
gravity are implied provided that dH = 0. Therefore, the only remaining equations that
one has to solve are
d[e−2Φ ⋆7 ϕ] = 0 , k
−2 dh ∧ dh+ dH˜(7) = 0 , (dh)ij = 1
2
⋆7 ϕij
kl(dh)kl . (4.25)
The first is the geometric condition4 on the G2 structure of B
7, the second arises from
dH = 0 and the last is equivalent to dh ∈ g2 (4.21). The geometric condition implies
that the manifold B7 must be conformally co-calibrated. The dH = 0 condition is more
involved and it is reminiscent of the equations that one solves for heterotic supergravity
after taking into account the one-loop anomalous contribution. Of course, we have as-
sumed that the anomaly cancels since we have taken dH = 0. But from the perspective
of the base space B, the equation that H˜ obeys is similar to that which would hold if
there were an anomalous contribution. We have not been able to prove that it admits
non-trivial solutions. To summarize, the spacetime metric and 3-form field strength can
be written as
ds2 = ηabλ
aλb + ds˜2(7) ,
H = du ∧ dr ∧ h+ rdu ∧ dh+ k−2h ∧ dh+ kϕ+ e2Φ ⋆7 d
(
e−2Φϕ
)
, (4.26)
subject to the conditions (4.25).
4.4.2 Geometry of S8
The geometry of S8 can be investigated separately from that of the spacetime. This
is because the geometry of the KSEs (4.10)-(4.12) can be analyzed without reference
to the original 10-dimensional spacetime. To proceed from now on we shall reserve the
Latin indices i, j, k for the base space B in each case and denote the indices of directions
transverse to the light-cone, and so also those of the horizon section S8, with i, j, k. In
this notation ˆ˜∇-parallel spinors are
η1+ = 1 + e1234 , η
2
− = Γ
+ihi(1 + e1234) . (4.27)
The isotropy group of both spinors in Spin(8) is G2 and so the holonomy of
ˆ˜∇ is contained
in G2. The associated
ˆ˜∇-parallel bilinears are
h , ϕ , (4.28)
4The geometric condition can also be written as d ⋆7 ϕ = θϕ ∧ ϕ and this corrects a sign in [20, 21].
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M hol(∇) N Spinors
R
1,1 × S8 Spin(7) 1 1 + e1234
R
1,1 × CY8 SU(4) 2 1
R
1,1 × HK8 Sp(2) 3 1, i(e12 + e34)
R
1,1 ×K3 ×K3 ×2Sp(1) 4 1, e12
R
1,1 × S1 × S7 G2 2 1 + e1234, e15 + e2345
R
1,1 × T 2 × CY6 SU(3) 4 1, e15
R
1,1 × T 4 ×K3 Sp(1) 8 1, e15, e12, e25
R
1,1 × T 8 {1} 16 all
Table. Some geometric data of the horizon geometries with h = 0 are described. In the first
column, we give the different spacetime geometries that occur. In the second column, we present
the holonomy groups of the associated spacetime Levi-Civita connection. In the third and fourth
column, we describe the number of parallel spinors and representatives of the parallel spinors,
respectively. HK and CY stand for hyper-Ka¨hler and Calabi-Yau manifolds, respectively. T n is
the n-dimensional torus.
where ϕ = k−1ihφ and φ is the fundamental Spin(7) form. As in the spacetime case, h
can be viewed as the connection of a S1 bundle over a base space B7. The conditions
that arise from the dilatino KSE are given in (4.23). The metric and torsion of S8 can be
written as
ds˜2 = k−2h⊗ h+ ds˜2(7) , H˜ = k−2h ∧ dh+ H˜(7) , (4.29)
where ds˜2(7) and H˜(7) are given in previous section, see eg (4.24). Moreover, they satisfy
(4.25).
5 Extended supersymmetry
5.1 h=0
There are two cases to consider depending on whether h vanishes. If h = 0, we have seen
that the spacetime is a product R1,1×S8, where S8 is a holonomy Spin(7) manifold. The
flux H vanishes and the dilaton is constant. Substituting these into the KSEs, they reduce
to a parallel transport equation for the Levi-Civita connection ∇ of S8. As a result, the
solutions with more than one supersymmetry are products, up to discrete identifications,
of Minkowski space R1,1 with those Berger type of manifolds which admit parallel spinors.
The results are tabulated in table 1.
5.2 h 6=0
If h 6= 0, it suffices to investigate the KSEs (4.10)-(4.12) for the η+ spinors. This is
because as we have already mentioned the solutions for the η− spinors are given by
η− = hiΓ
+iη+. As a result, the heterotic horizons with h 6= 0 always preserve an even
number of supersymmetries.
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Iso(η+) hol(∇ˆ) N η+
Spin(7)⋉ R8 G2 2 1 + e1234
SU(4)⋉ R8 SU(3) 4 1
Sp(2)⋉ R8 SU(2) 6 1, i(e12 + e34)
×2Sp(1)⋉ R8 SU(2) 8 1, e12
Table. Some of the geometric data used to solving the gravitino KSE are described. In the
first column, we give the isotropy groups, Iso(η+), of {η+} spinors in Spin(9, 1). In the second
column we state the holonomy of the connection with torsion ∇ˆ. The holonomy of ˆ˜∇ is identical
to that of ∇ˆ. In the third column, we present the number of ∇ˆ-parallel spinors and in the last
column we give representatives of the {η+} spinors.
5.2.1 Gravitino
To solve the gravitino KSE for η+, i.e. the parallel transport equation for
ˆ˜∇ (4.10), it
suffices to find the subgroups of Spin(8) which leave invariant spinors in the even chirality
Majorana representation of Spin(8). These are
Spin(7) (1), SU(4) (2), Sp(2) (3), ×2 Sp(1) (4), Sp(1) (5) , U(1) (6), {1} (8)
(5.1)
and have been stated in [28, 33, 34], where the number N+ of invariant η+ spinors is in
parentheses. The number of parallel spinors of spacetime is N = 2N+. In particular in
the Sp(1) and U(1) cases, the number of Killing spinors is 10 and 12, respectively. All
backgrounds with 10 and 12 supersymmetries are plane waves which in addition are group
manifolds [35, 21]. Such solutions do not have AdS3 as a submanifold and so they must
be excluded.
Since both η+ and η− = hiΓ
+iη+ solve the parallel transport equation for
ˆ˜∇ (4.10),
the holonomy of ˆ˜∇ reduces to the isotropy group of both η+ and η− spinors. In particular,
it reduces to the subgroups of (5.1) which in addition preserve the parallel vector h. It is
straightforward to find all these groups and the results are tabulated in table 2.
5.2.2 Dilatino
As in the general heterotic case, only some of solutions of the gravitino KSE (4.10) are
also solutions of the dilatino one (4.12). To find the solutions of the dilatino KSE given
a solution of the gravitino KSE, it suffices to focus on the η+ parallel spinors. Since
the isotropy groups of η+ spinors in Spin(9, 1), given in table 2, are non-compact, the
analysis of the dilatino KSE (4.12) is similar to that in [21] for backgrounds for which
hol(∇ˆ) is a non-compact group. In particular, one can find the Σ-groups in each case
and investigate the orbits of these on the space of {η+} spinors. The end result is that
it suffices to investigate only those cases for which all {η+} ˆ˜∇-parallel spinors also solve
the dilatino KSE. This is because all the rest are just special cases. For example, in the
SU(4) ⋉ R8 case in table2, there are two ˆ˜∇-parallel spinors. It is possible that only a
linear combination of them solves the dilatino KSE, i.e. there is one Killing spinor. If
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this is the case, then such backgrounds will be included in those of Spin(7)⋉R8, table 2,
for which the ˆ˜∇-parallel spinor also solves the dilatino KSE. A similar conclusion holds
for all the other cases.
6 N=4 horizons
6.1 Geometry of spacetime
The first two Killing spinors are those of the G2 case (4.13). The additional two Killing
spinors are given by
ǫ3 = i(1− e1234) , ǫ4 = −ik2u(1− e1234) + ihiΓ+i(1− e1234) . (6.1)
The isotropy group of all these spinors is in SU(3). To proceed, we find that a basis for
the 1-form bi-linears is
λ− = e− , λ+ = e+ − 1
2
k2u2e− − uh , λ1 = k−1(h+ k2ue−) ,
λ6 = k−1ℓie
i , ℓi = hjI
j
i , (6.2)
where the hermitian form of I is
ω
(8)
I
= −(e1 ∧ e6 + e2 ∧ e7 + e3 ∧ e8 + e4 ∧ e9) . (6.3)
All 1-form bi-linears λa, a = −,+, 1, 6, are ∇ˆ-parallel.
As in the G2 case, the associated vector fields ξa, a = −,+, 1 to the 1-forms λa span a
sl(2,R) Lie algebra. It remains to find the commutator of ξ6 with the other three vector
fields. For this observe that (4.11) implies that dh is orthogonal to all ξa directions and
dh ∈ su(3) . (6.4)
In particular,
dhijℓ
j = 0 . (6.5)
Moreover since all ξa are ∇ˆ-parallel,
[ξ6, ξa] = −iξ6iξaH = iξ6Fa = 0 , a = −,+, 1 . (6.6)
The last equality follows from (6.5) and (4.19). Therefore, the Lie algebra of the vector
fields is
sl(2,R)⊕ u(1) . (6.7)
The heterotic horizons with Killing spinors that have isotropy group SU(3) are principal
bundles M = P (SL(2,R)×U(1), B6) with fibre group SL(2,R)×U(1) equipped with the
connection λ (6.2). From the general results of [20], the spacetime metric and 3-form flux
can be written as
ds2 = ηabλ
aλb + ds˜2(6) , H = CS(λ) + H˜(6) , (6.8)
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where ds˜2(6) and H˜(6) are orthogonal to the λ
a directions.
To continue with the investigation of the geometry of spacetime, it remains to deter-
mine the geometry of B6. From the results of [20], the spacetime admits a ∇ˆ-parallel
Hermitian 2-form ω and a (3,0)-form χ which are orthogonal to the λa directions and are
constructed as Killing spinor bi-linears. Moreover, the dilatino KSE implies that
∂aΦ = 0 , θω = 2dΦ , F6ijωij = −2k , (F6)2,0 = 0 , N˜(I) = 0 , (6.9)
where I is the almost complex structure associated to ω and ds2(6), the superscript in F6
denotes the (2,0) part of the curvature in a decomposition under I in holomorphic and
anti-holomorphic indices and N is the Nijenhuis tensor of I. Furthermore, (6.4) implies
that
Faijωij = 0 , (Fa)2,0 = 0 , a = −,+, 1 . (6.10)
The base space B6 is a complex manifold. It admits a Hermitian form because
iξaω = 0 , Lξaω = 0 (6.11)
and so ω descends to a Hermitian form on B6. The last equation holds because ∇ˆω = 0,
and the (2,0)-part of all F curvatures vanishes. The integrability of the almost com-
plex structures follows from the Nijenhuis condition in (6.9). This complex structure is
compatible with geometric data ds˜2(6) and H˜(6). Furthermore observe that
iξaχ = 0 , a = −,+, 1, 6; Lξ6χ = ikχ , Lξaχ = 0 , a = −,+, 1 . (6.12)
So although χ is orthogonal to the λa directions, it is not invariant under the action
of ξ6 and so it descends to B
6 as a line bundle valued (3,0)-form. As a result B6 does
not have an SU(3) structure but rather a U(3) one. In particular, the connection with
skew-symmetric torsion, ˆ˜∇(6), on B6 has holonomy contained in U(3). The torsion can
be expressed as
H˜(6) = −iIdω = e2Φ ⋆6 d[e−2Φω] , (6.13)
see eg [36, 37, 38, 39, 40, 41, 42, 32]. The equation that remains to be solved is the closure
of H . In particular, one finds that
dH = ηabFa ∧ F b + dH˜(6) = k−2dh ∧ dh+ k−2dℓ ∧ dℓ+ d
(
e2Φ ⋆6 d[e
−2Φω]
)
= 0 . (6.14)
As in the G2 case, this is reminiscent of the equations that arise in the heterotic theory
in the presence of anomalies. However, there are some differences. The connections
that contribute to the anomaly term are abelian and one of them does not satisfy the
Hermitian-Einstein condition but rather it satisfies the Hermitian-Einstein condition with
cosmological constant. In addition B6 does not have a SU(3) structure but rather a U(3)
one. Moreover there is no relative minus sign between the two terms which depend on
the h and ℓ in the “anomaly” term. Nevertheless there are sufficient similarities between
the above equations and the anomalous Bianchi identity which appears in the anomaly
cancelation mechanism to suggest that there may exist solutions analogous to those found
for the latter in [43, 44, 45].
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6.1.1 Geometry of S8
The first two ˆ˜∇-parallel spinors are as in (4.27). The additional two are
η3+ = i(1− e1234) , η4− = iΓ+ihi(1− e1234) . (6.15)
The isotropy group of both spinors in Spin(8) is SU(3). Therefore the holonomy of ˆ˜∇ is
contained in SU(3). The associated ˆ˜∇-parallel bilinears are
h , ℓ , ω , χ , (6.16)
where ℓ, ω and χ have the properties mentioned in the previous section. Both h and ℓ
can be viewed as the connections of a T 2 bundle over a base space B6. In fact S8 is a
holomorphic T 2 fibration over B6. The complex structure on S8 is associated with the
Hermitian form
ω(8) = k
−2h ∧ ℓ+ ω . (6.17)
The metric and torsion of S8 can be written as
ds˜2 = k−2(h⊗ h + ℓ⊗ ℓ) + ds˜2(6) , H˜ = k−2(h ∧ dh+ ℓ ∧ dℓ) + H˜(6) , (6.18)
where ds˜2(6) and H˜(6) are given in previous section. Since h and ℓ commute, one can adapt
coordinates such that
h = dτ + pie
i , ℓ = dσ + qie
i , (6.19)
where p, q, and all the other components of the fields, depend only on the coordinates of
B6.
7 N=6 horizons
7.1 Geometry of Spacetime
The first four Killing spinors are the same as those given for the SU(3) case in (4.13) and
(6.1). For the additional two Killing spinors, it can be shown that they can be expressed
as
ǫ5 = i(e12 + e34) , ǫ
6 = −ik2u(e12 + e34) + ihiΓ+i(e12 + e34) . (7.1)
The isotropy group of all these spinors is in SU(2). To proceed, we find that a basis
in the space of 1-form bi-linears is
λ− = e− , λ+ = e+ − 1
2
k2u2e− − uh , λ1 = k−1(h+ k2ue−) ,
λr
′
= k−1(ℓr
′
)i e
i , (ℓr
′
)i = −(Ir′)jihj , r′ = 2, 6, 7 (7.2)
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where Ir
′
is a triplet of almost complex structures satisfying the algebra of the imaginary
unit quaternions
Ir
′
Is
′
= −δr′s′18×8 + ǫr′s′ t′It′ , ǫ627 = 1 . (7.3)
The associated Hermitian forms can be written as
ω
(8)
I2
= e1 ∧ e2 + e3 ∧ e4 + e1¯ ∧ e2¯ + e3¯ ∧ e4¯
ω
(8)
I6
= −i(e1 ∧ e1¯ + e2 ∧ e2¯ + e3 ∧ e3¯ + e4 ∧ e4¯)
ω
(8)
I7
= −i(e1 ∧ e2 + e3 ∧ e4 − e1¯ ∧ e2¯ − e3¯ ∧ e4¯) , (7.4)
in terms of the standard holomorphic frame basis. These three hermitian forms also arise
as spinor bilinears, which can be constructed explicitly from the Killing spinors ǫ1, ǫ3, ǫ5,
as described in Appendix A of [20]. Notice that the isotropy group of ǫ1, ǫ3, ǫ5 is Sp(2)⋉R8
and so this case here is closely related to the backgrounds with 3 supersymmetries in [20].
All 1-form bi-linears λa, a = +,−, 1, 2, 6, 7 are ∇ˆ-parallel, and so in particular their
associated vector fields ξa are all Killing. As in the G2 case, the vector fields ξa, for
(a = −,+, 1) close under Lie brackets to a sl(2,R) Lie algebra. To find the rest of the
commutators first observe that (4.11) implies that
dh ∈ su(2) . (7.5)
As a result, dh is orthogonal to all ξa directions. Then an argument similar to that which
we have used in equation (6.6) gives
[ξa, ξr′] = 0 , a = −,+, 1 . (7.6)
It remains to find the commutators [ξr′, ξs′]. If [ξr′, ξs′] cannot be expressed in terms of ξa,
then one can show there will be additional linearly independent ∇ˆ-parallel vector fields
on the spacetime and therefore the holonomy of ∇ˆ will be reduced to {1}. The only such
solutions are group manifolds and preserve 8 supersymmetries. Thus, we shall take
[ξr′, ξs′] = −c k ǫr′s′ t′ξt′ , (7.7)
for some constant c. The above commutator cannot close in the −,+ and 1 directions
because of (7.6), and the structure constants are skew.
Since the Killing spinors have isotropy group SU(2), the holonomy of ∇ˆ is contained in
SU(2). It is then a consequence of the results of [20, 21] that the spacetime is a principal
bundle with fibre the 6-dimensional Lorentzian group G over a 4-manifold B4 such that
the spacetime metric and 3-form can be written as
ds2 = ηabλ
aλb + e2Φd˚s2(4)
H = CS(λ) + H˜(4) , (7.8)
where we have re-scaled the 4-dimensional metric of the base space with the dilaton Φ
for later convenience. Moreover the spacetime admits three ∇ˆ-parallel Hermitian forms
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ωr which are orthogonal to all λa 1-forms and they are compatible with the metric d˚s2(4).
The associated almost complex structures Ir satisfy
IrIs = −δrs14×4 + ǫrstIt . (7.9)
This is the full content of the gravitino KSE.
To solve the dilatino KSE, first observe that another consequence of (7.5) is that Fa,
a = −,+, 1 does not contribute. This is because the Killing spinors are SU(2) invariant
and Fa, a = −,+, 1 is proportional to dh. A direct computation of the remaining dilatino
KSE using the Sp(2) ⋉ R8 results of [20], or a comparison with the backgrounds that
preserve 6 supersymmetries in [22], reveals that
∂aΦ = 0 , (F sd)r′ = νω˜r′ , ν = 1
2
(k + ck) , H˜(4) = −˚⋆4de2Φ , (7.10)
where
(F sd)r′ = 1
2
(F r′ + ⋆4F r′) , (Fad)r′ = 1
2
(F r′ − ⋆4F r′) , (7.11)
are the self-dual and anti-self-dual components of F , respectively, and ω6 ≡ ω1, ω2 ≡ ω2
and ω7 ≡ ω3. Fad is not restricted by the KSE.
There is an additional condition on the parameters of the solution. To see this first
use ∇ˆωr′ = 0 and (7.10) to show that
Lr′ωs′ = 2νǫr′s′t′ωt′ . (7.12)
Then either by comparing dH = 0 with the dilatino field equation or evaluating the
identity [Lξ
r
′
,Lξ
s
′
] = L[ξ
r
′ ,ξ
s
′ ] on ω
t′ using (7.12) and (7.7), one finds that
(1 + c)(2c+ 1) = 0 (7.13)
and so either c = −1 or c = −1
2
. If c = −1, ν = 0 and the supersymmetry enhances to
N = 8. These solutions will be investigated later.
Now, if c = −1
2
these solutions are special cases of those given in [22] that preserve 6
supersymmetries. The only remaining equation that has to be solved is
∇˚2e2Φ = −1
2
(Fad)r′ij(Fad)ijr′ −
k−2
2
dhijdh
ij +
3
8
k2e4Φ , (7.14)
where the inner products in the rhs have been taken with respect to the d˚s2(4) metric. The
sign of the rhs is indefinite. As a result, there may be solutions which preserve strictly 6
supersymmetries. As the N = 6 solutions are included in the N = 2 and N = 4 heterotic
horizons, this sign is also significant for the existence of solutions in the G2 and SU(3)
cases.
The geometry of B4 can be investigated as in [22]. In particular, the self-dual com-
ponent of the Weyl tensor of B4 vanishes but it may not be Einstein with cosmological
constant. For the latter, the anti-self-dual part of the Weyl tensor must vanish as well.
Because of (7.12), the three hermitian forms ωr do not descend on B
4 as hermitian forms
but they are rather twisted with an SU(2) bundle. More details on the geometry of B4
can be found in [22].
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7.1.1 Geometry of S8
The first four ˆ˜∇-parallel spinors are as in the SU(3) case (4.27) and (6.15). The additional
two Killing spinors can be written as
η5+ = i(e12 + e34) , η
6
− = iΓ
+ihi(e12 + e34) . (7.15)
The isotropy group of all 6 spinors in Spin(8) is SU(2). Therefore the holonomy of ˆ˜∇ is
contained in SU(2). The associated ˆ˜∇-parallel bilinears are
h , ℓr
′
, ωr , (7.16)
where ℓr
′
and ωr have the properties mentioned in the previous section. S8 is a S1 × S3
fibration over B4. Both h and ℓr
′
can be viewed as the connections of a U(1) × SU(2)
bundle over a base space B4. The metric and torsion of S8 can be written as
ds˜2 = k−2(h⊗ h+
∑
r′
ℓr
′ ⊗ ℓr′) + e2Φd˚s2(4) , H˜ = k−2(h ∧ dh) + CS(λr
′
) + H˜(4) ,(7.17)
where d˚s2(4) and H˜(4) are given in the previous section.
8 N=8 horizons
The heterotic horizons that preserve 8 supersymmetries are special cases of the half super-
symmetric backgrounds classified in [46]. We shall demonstrate that within the class of
AdS3 horizons, there are two heterotic horizon geometries with 8 supersymmetries which,
up to discrete identifications, are isometric to either AdS3 × S3 ×K3 or AdS3 × S3 × T 4.
The first six Killing spinors are as those of the solutions with 6 supersymmetries given
in (4.13), (6.1) and (7.1). The remaining two can be chosen as
ǫ7 = e12 − e34 , ǫ8 = −k2u(e12 − e34) + hiΓ+i(e12 − e34) . (8.1)
Since the first two Killing spinors are those that we have found in the G2 case (4.13),
the 1-form bilinears include those of (4.14) for which the associated vector fields span the
sl(2,R) algebra. As a result the fibre group of the spacetime has a SL(2,R) subalgebra.
It is then a consequence of the general classification results of [20] that the spacetime is
a principal bundle, M = P (SL(2,R)× SU(2), B4), with fibre group AdS3 × S3 and base
space B4 which is conformal to a 4-dimensional hyper-Ka¨hler manifold. Moreover the
AdS3 × S3 fibre twists over the base space with the connection λ which is an anti-self
dual instanton. The dilaton Φ is function of the base space B4 and independent from all
the coordinates along the fibre directions.
The metric and 3-form flux can be written as
ds2 = ηabλ
aλb + e2Φd˚s2(4) ,
H = CS(λsl) + CS(λsu) + H˜(4) , H˜(4) = −˚⋆4 de2Φ , (8.2)
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where d˚s2(4) is the hyper-Ka¨hler metric on B
4, the Hodge operation in H˜(4) is taken with
respect to the hyper-Ka¨hler metric and a, b = 0, 5, 1, 6, 2, 7. Moreover, we have split the
Chern-Simons form of λ into the sl(2,R) and su(2) parts.
The only equation that remains to be solved is the closure of H , dH = 0. This in turn
implies, using the anti-self duality of the curvature F of λ, that
∇˚2e2Φ = −1
2
ηabFaijF bij , (8.3)
where i, j = 3, 8, 4, 9 are now B4 indices and the indices in the right-hand-side have been
raised with respect to the hyper-Ka¨hler metric. The right-hand-side of (8.3) has a definite
sign. The possibility of an indefinite sign only arises from the sl(2,R) component of the
curvature F . But a straightforward calculation reveals, using (4.19), that
ηabFaijF bij |sl(2,R) = k−2(dh)ij(dh)ij ≥ 0 . (8.4)
Thus the right-hand-side of (8.3) is strictly negative and so a partial integration argument
over the compact base space B4 implies that it should vanish. Thus we conclude that for
the horizon geometries
Fa = 0 , (8.5)
and the dilaton Φ is constant. Since the curvature of the principal bundle vanishes, the
spacetime is a product5 AdS3×S3×B4, where B4 is a compact 4-dimensional hyper-Ka¨hler
manifold and so it is either T 4 or K3.
9 Non-vanishing anomaly and near brane horizons
So far in our analysis, we have not included the heterotic anomaly contribution. In partic-
ular, we have assumed that the gravitational anomaly cancels the gauge sector anomaly,
and so the 3-form flux is closed. If the anomaly contributes, our analysis is modified.
There are two ways of thinking about this. One is in the context of perturbation theory
where the KSEs, the field equations and dH receive higher order curvature corrections
expressed as a Taylor series expansion in α′. Therefore one expects that the spacetime
metric and 2-form gauge potential for generic backgrounds get corrected to all orders in
perturbation theory. Alternatively, one can take the anomaly contribution which appears
at order α′ as exact. Such an assumption has led to applications in differential geometry
[43]. These two different ways of thinking give distinct results which we shall explain. We
shall mostly focus on perturbation theory and then we shall comment how our analysis is
altered in the exact case.
9.1 Perturbation theory
We shall not explore the theory to all orders in α′. Instead we shall follow [47] and
consider the correction up to and including two loops in sigma model perturbation theory
5If B4 is not simply connected, there is the possibility that the fibre twists with a flat but not trivial
connection λ. We shall not investigate this further here.
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[48]. Now taking dH 6= 0, it is known that the KSEs of supergravity theory do not change
up to this correction [49]. However field equations do.
We are working in perturbation theory and so a background gets corrected order by
order in α′. Since the anomaly contributes in the first order in α′, we must begin from
a configuration for which the 3-form field strength is closed. As a result, the analysis
we have performed is valid at the zeroth order in α′. Moreover since the Killing spinor
equations remain the same up to the order we consider, the only alteration in the analysis6
is to set
dH = −α
′
4
[trRˇ ∧ Rˇ− tr(F ∧ F )] +O(α′2) , (9.1)
instead of taking dH = 0 as in previous sections, where the contribution in the rhs is due
to the anomaly, Rˇ is the curvature of the connection ∇ˇ = ∇− 1
2
H and F is the curvature
of the gauge sector. Observe that since the rhs is first order in α′, the contribution in Rˇ
comes from the zeroth order metric and 2-form gauge potential and so
RˆAB,CD = RˇCD,AB +O(α′) , (9.2)
as a consequence of a Bianchi identity and dH = 0+O(α′). Therefore, ∇ˇ is an Lie(hol(∇ˆ))-
instanton connection with gauge group contained in SO(9, 1), ie
Rˇ ∈ Lie(hol(∇ˆ)) , (9.3)
where Lie(hol(∇ˆ)) = G2, SU(3) or SU(2). The gaugino KSE also implies that F is a
Lie(hol(∇ˆ))-instanton and the gauge group must be a subgroup of E8×E8 or Spin(32)/Z2.
In (9.1), Rˇ can be replaced with any other curvature of the spacetime because of the
scheme dependence of perturbation theory. However to preserve extended worldvolume
supersymmetry in perturbation theory, Rˇ is a natural choice [50].
First suppose that we are considering the heterotic horizons R1,1 × S8 tabulated in
table 1. Since the zeroth order contribution for H vanishes, Rˇ = R. The solutions,
although they begin with vanishing torsion, can develop non-vanishing torsion which is
proportional to α′. This is the case for all backgrounds preserving up to and including
8 supersymmetries as demonstrated in [47]. Moreover, it is expected that there will be
corrections to all order in α′. The precise corrections that they receive depend on a case
by case analysis.
Next let us consider heterotic horizons associated with AdS3. In this case the anoma-
lous Bianchi identity (9.1) can be rewritten as
dH˜(n) = −ηabFa ∧ F b − α
′
4
[trRˇ ∧ Rˇ− tr(F ∧ F )] +O(α′2) , (9.4)
where H˜(n) is the 3-form field strength of the base space and so n = 7, 6 or 4. However
since the zeroth order in α′ term in H does not vanish, Rˇ is different from R. It is expected
that there will be α′ corrections to the fields for all backgrounds that preserve less than
8 supersymmetries.
6There is the possibility that the anomaly correction is not compatible with the Einstein equation
when the two loop correction is included. This has been examined in detail in [47, 45].
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To investigate the case with 8 supersymmetries first observe that the first term in the
rhs of (9.4) vanishes because F = 0. Then (9.4), following (8.3), can be rewritten as
∇˚2e2Φ = −α
′
8
trRˇijRˇ
ij +
α′
8
trFijF
ij +O(α′2) . (9.5)
The gaugino KSE requires that F is an anti-self-dual instanton on B4. It is significant
that the inclusion of the anomaly makes the sign of the rhs indefinite. Therefore solutions
with a non-trivial dilaton cannot be ruled out. In the AdS3 × S3 × K3 background,
Rˇ = R 6= 0 and so the rhs of (9.5) may not vanish. The existence of α′ corrections
depends on the choice of F . However for the AdS3 × S3 × T 4 background Rˇ = 0, then
using the compactness of T 4 one concludes that F = 0 and Φ is constant at order α′.
Therefore AdS3 × S3 × T 4 is an exact solution up to and including 2 loops in the sigma
model perturbation theory. Since it is a group manifold solution, it must be exact to all
orders in perturbation theory.
9.2 Exact modification
Next suppose that the α′ correction to dH is exact. The Bianchi identity of H is different
from that of (9.1) and reads
dH = −α
′
4
[trR˙ ∧ R˙− tr(F ∧ F )] , (9.6)
where now R˙ is a curvature of the spacetime which is a Lie(hol(∇ˆ))-instanton with gauge
group SO(9, 1) and similarly for F . Moreover α′ is any positive number. Since dH 6= 0,
Rˇ is not a Lie(hol(∇ˆ))-instanton and so it cannot be identified with R˙.
Consistency requires that the field equations are also modified. In particular both the
Einsten and dilaton field equations alter. In particular the dilaton field equation now
reads
∇˜2Φ− 2∇˜AΦ∇˜AΦ+ 1
12
HABCH
ABC +
α′
8
trR˙ABR˙
AB − α
′
8
trFABF
AB = 0 . (9.7)
Note that the sign of the curvature terms associated with the anomaly is indefinite, and so
the arguments presented in sections 3 and 4 for the heterotic horizons do not generalize.
Therefore a new investigation is required. It is likely that many more solutions exist in
this case as the gauge connection can be used to lessen the restrictions on the differential
system imposed by the compactness of S8.
9.3 Brane horizons and dilaton singularities
Some of the heterotic horizon geometries we have found can be identified as the near
horizon geometries of brane configurations. To distinguish between the two, we shall
refer to the latter as “near brane geometries”. In particular the near horizon geometry
AdS3×S3×T 4 arises as the near brane geometry of a fundamental string [51] on a 5-brane
[52]. In this identification, AdS3 is spanned by the worldvolume directions of the string
and the overall radial transverse direction, S3 is the 3-sphere of the overall transverse
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sphere and T 4 are the relative transverse directions of the string on the worldvolume
of the 5-brane. This is also the case with the AdS3 × S3 × K3 solution. Again one
should consider a fundamental string on a 5-brane but replace the T 4 relative transverse
directions of the string on the 5-brane with K3. So both heterotic horizons that preserve
8 supersymmetries can arise as near brane geometries.
Some brane configurations in heterotic supergravity exhibit near brane geometries
which are not included in the analysis we have done for the heterotic horizons. For
example the near brane geometry of the 5-brane is R1,1 × T 4 × S3 × S1 and has a linear
dilaton depending on the angular coordinate of S1 [52]. Another similar example is
R
1,1 × T 2 × S3 × S3 with linear dilaton depending on the angular coordinates of T 2, and
arises as the near brane geometry of the 5-brane configurations of [53].
There are two main differences between the near brane geometries mentioned above
and the near horizon geometries that we have investigated. First, both R1,1×T 4×S3×S1
and R1,1×T 2×S3×S3 near brane geometries are not horizons but rather other asymptotic
regions. They are located at infinite affine distance away from any interior point of the
brane spacetime. Another difference is that the dilaton is not well defined on the near
brane spacetime because it is not periodic in an angular coordinate(s). As a result, it
cannot be thought of as a well-defined function of the compact section of the near brane
geometry. It is clear from both these points that the KSEs do not guarantee either
analyticity in the radial direction r or regularity of the fields on the horizon section.
However, enforcing one or the other will rule both these near brane geometries out. As
a result, it may be that enforcing one of them, together with the Killing spinor and field
equations, will imply the other.
10 Concluding Remarks
We have found that there are two classes of heterotic horizons. One class is R1,1 × S8,
where S8 is a product of special holonomy manifolds which admit parallel spinors, the
dilaton is constant and the 3-form flux vanishes. A more detailed description is given
in table 1. The other class of solutions contains AdS3 as subspace and preserves 2, 4, 6
and 8 supersymmetries. In particular, the spacetime is a fibration with fibre that contains
AdS3, and AdS3 twists over the base space with a suitable U(1) connection. The solutions
with 8 supersymmetries are isometric up to discrete identifications with AdS3× S3×K3,
AdS3 × S3 × T 4 or R1,1 × T 4 ×K3, the radii of AdS3 and S3 are equal and the dilaton is
constant. Clearly the first two heterotic horizons are of the AdS3 class while the third is
of the R1,1×S8 class. Moreover, we have shown that AdS3 × S3× T 4 does not receive α′
corrections.
Throughout most of our analysis, we have taken dH = 0, so our results are automat-
ically extended to the common sector of type II supergravities. Clearly all the heterotic
horizons of table 1 can be interpreted as solutions of the common sector preserving twice
as many supersymmetries. The AdS3 class of heterotic horizons, without the anomaly
correction, can also be embedded in the common sector of type II supergravities but it is
not a priori apparent that there will be a doubling of supersymmetry. An exception to this
is the heterotic horizons which preserve 8 supersymmetries. It can be easily seen that as
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common sector solutions they preserve 16 supersymmetries. Moreover these are the only
common sector horizons which preserve 16 supersymmetries. This is because if the left
or right sector KSEs preserve more than 8 supersymmetries, then the solutions are plane
waves [35, 21] and in particular they do not contain AdS3 as a subspace. So for the com-
mon sector horizons to preserve 16 supersymmetries, the left and right sector KSEs must
preserve precisely 8 supersymmetries each. This proves that the common sector horizon
geometries that preserve 16 supersymmetries are locally isometric to AdS3 × S3 × K3,
AdS3 × S3 × T 4 or R1,1 × T 4 ×K3.
Having determined the geometry of heterotic horizons, it is natural to wonder whether
there are extreme black holes which exhibit such near horizon geometries. It is not a priori
clear that this is the case for all heterotic horizons that we have found. However the
solutions which contain an AdS3 subspace can be trivially identified with a Kaluza-Klein
black hole. This is because they can be seen as an embedding of the 3-dimensional black
hole [54] in the heterotic supergravity. It is also known that the near horizon geometries
of black rings have an AdS3 subspace. So alternatively, it may be possible to view this
type of heterotic horizon as the near horizon geometry of a Kaluza-Klein black ring.
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Appendix A Supersymmetric horizons
The main purpose of the appendix is to show that if we take Gaussian null coordinates
with respect to the null Killing vector field constructed as a Killing spinor bi-linear, then,
without loss of generality, we can make the identification (3.1) leading to (3.2).
Before proceeding with the analysis of the KSEs, note that the non-vanishing compo-
nents of the spin connection are given by
Ω+,−i = −1
2
hi , Ω+,ij = −1
2
r(dh)ij , Ω−,+i = −1
2
hi ,
Ωi,+− =
1
2
hi , Ωi,+j = −1
2
r(dh)ij , Ωi,jk = Ω˜i,jk , (A.1)
where Ω˜ is the spin connection of the horizon section S8.
A.1 Gravitino
The gravitino equation ∇ˆǫ = 0 can be written explicitly as
∂Aǫ+
1
4
ΩA,B1B2Γ
B1B2ǫ− 1
8
HAB1B2Γ
B1B2ǫ = 0 , (A.2)
where the spin connection is given in (A.1) and H in (2.11). To proceed, we write
ǫ = ǫ+ + ǫ− , Γ±ǫ± = 0 . (A.3)
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After some straightforward computation, it is possible to solve the + and − components
of the KSE to find
ǫ+ = η+ +
1
4
u
(
(S − 1)h− dS +N)
i
ΓiΓ+η− ,
ǫ− = η− − 1
4
r
(
(S + 1)h− dS +N)
i
ΓiΓ−η+
− 1
8
ur
(
(S − 1)dh− h ∧N + dN)
ij
Γijη− , (A.4)
where η± = η±(y) do not depend on r and u. These expressions are sufficient to prove
(3.1) but we shall state the rest of the equations arising from the KSEs for completeness.
In addition, the + and − components of the KSE give
(− (Sh− dS +N)2 + h2 + d((S − 1)h+N)ijΓij)η+ = 0 , (A.5)
(
(S − 1)dh− h ∧N + dN)
ij
Γij
(
(S + 1)h− dS +N)
ℓ
Γℓη+ = 0 , (A.6)
(
(Sh− dS +N)2 − h2 + d((S − 1)h+N)ijΓij
)
η− = 0 , (A.7)
((
(S − 1)h− dS +N) ∧ ((S − 1)dh− h ∧N + dN)
)
ℓ1ℓ2ℓ3
Γℓ1ℓ2ℓ3η− = 0 , (A.8)
(
− ((S − 1)dh− h ∧N + dN)ij((S − 1)dh− h ∧N + dN)ij
+
1
2
((S − 1)dh− h ∧N + dN)ℓ1ℓ2((S − 1)dh− h ∧N + dN)ℓ3ℓ4Γℓ1ℓ2ℓ3ℓ4
)
η− = 0 .
(A.9)
The remaining components of the KSE then imply that η± satisfy
∇˜iη± +
(− 1
8
(dW )ijkΓ
jk ± 1
4
(−(S + 1)h+ dS −N)i
)
η± = 0 , (A.10)
together with the following algebraic constraints(
− ∇˜i((S + 1)h− dS +N)j − 1
2
((S + 1)h− dS +N)j((S − 1)h− dS +N)i
+
(
(S + 1)dh− h ∧N + dN)
ij
+
1
2
((S + 1)h− dS +N)ℓ(dW )ijℓ
)
Γjη+ = 0(A.11)
((− ∇˜i((S − 1)dh− h ∧N + dN)ℓ1ℓ2 −
(
(S − 1)dh− h ∧N + dN)
[ℓ1
m(dW )|im|ℓ2]
+hi
(
(S − 1)dh− h ∧N + dN)
ℓ1ℓ2
)
Γℓ1ℓ2
−((S + 1)dh− h ∧N + dN)
ij
(
(S − 1)h− dS +N)
ℓ
ΓjΓℓ
)
η− = 0 , (A.12)
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(
∇˜i
(
(S − 1)h− dS +N)
j
+
1
2
(
(S − 1)h− dS +N)
j
(− (S + 1)h+ dS −N)
i
−1
2
(
(S − 1)h− dS +N)ℓ(dW )ijℓ
)
Γjη− = 0 . (A.13)
A.2 Dilatino
To proceed further, we consider the dilatino KSE
(
∂AΦΓ
A − 1
12
HB1B2B3Γ
B1B2B3
)
ǫ = 0 . (A.14)
On substituting (A.4) into (A.14), one finds the following algebraic conditions
(
(2dΦ+ dS −N − Sh)iΓi − 1
6
(dW )i1i2i3Γ
i1i2i3
)
η+ = 0 , (A.15)
(
h ∧N − dN − Sdh)
ℓ1ℓ2
Γℓ1ℓ2η+ = 0 , (A.16)
(
h ∧N − dN − Sdh)
ℓ1ℓ2
Γℓ1ℓ2
(
(S + 1)h− dS +N)
i
Γiη+ = 0 , (A.17)
(
(2dΦ+ dS −N − Sh)iΓi − 1
6
(dW )i1i2i3Γ
i1i2i3
)(
(S − 1)h− dS +N)
ℓ
Γℓη− = 0 ,(A.18)
(
h ∧N − dN − Sdh)
ℓ1ℓ2
Γℓ1ℓ2
(
(S − 1)dh− h ∧N + dN)
i1i2
Γi1i2η− = 0 , (A.19)
(
(2dΦ− dS +N + Sh)iΓi − 1
6
(dW )i1i2i3Γ
i1i2i3
)
η− = 0 , (A.20)
(
(2dΦ− dS +N + Sh)iΓi − 1
6
(dW )i1i2i3Γ
i1i2i3
)(
(S + 1)h− dS +N)
j
Γjη+ = 0 ,(A.21)
(
(2dΦ− dS +N + Sh)iΓi − 1
6
(dW )i1i2i3Γ
i1i2i3
)
×((S − 1)dh− h ∧N + dN)
q1q2
Γq1q2η− = 0 . (A.22)
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A.3 N=1 Supersymmetry
Now let us focus on the solutions that preserve one supersymmetry for which ∂
∂u
is iden-
tified with the Killing spinor bi-linear. The components of the associated 1-form bilinear
X ≡ e− in the basis (2.12) are
X+ = 0, X− = 1, Xi = 0 . (A.23)
It is clear that the data, including the KSEs, are invariant under local y-dependent Spin(8)
gauge transformations. As η± depend only on y, there is a gauge transformation such
that
η+ = α(y)(1 + e1234) , η− = β(y)(e15 + e2345) . (A.24)
This follows from the fact that Spin(8) has a single type of orbit in the Majorana-Weyl
8-dimensional representation with isotropy group Spin(7), and Spin(7) has also a single
type of orbit in the anti-Majorana-Weyl 8-dimensional representation with isotropy group
G2.
Next, consider the spinor bilinear
Y = YA e
A ≡ 〈Bǫ∗,ΓAǫ〉 eA , (A.25)
using (A.4) and (A.24). By comparing the components of Y with those of X in the basis
(2.12), we require that
Y+|r=0 = 0 (A.26)
which imposes the condition β = 0, i.e.
η− = 0 . (A.27)
Next, we require that the O(r) term in the spinor bilinear Y should vanish. This
imposes the condition
〈B(1 + e1234),ΓM((S + 1)h− dS +N)iΓiΓ−(1 + e1234〉 = 0 , (A.28)
for all M . This implies that
(S + 1)h− dS +N = 0 . (A.29)
Hence
ǫ = η+ = α(1 + e1234) . (A.30)
Next, observe that
Y− = −2
√
2α2 . (A.31)
On comparing with X− = 1, we require that α be constant; without loss of generality
take α = 1, so
ǫ = η+ = 1 + e1234 . (A.32)
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Having obtained this simplification, it is straightforward to summarize the conditions
for the N = 1 heterotic horizon geometries as
∇˜iη+ − 1
8
(dW )ijkΓ
jkη+ = 0 , (A.33)
(S + 1)h− dS +N = 0 , (A.34)
(dh)ijΓ
ijη+ = 0 , (A.35)
(
(2dΦ+ h)iΓ
i − 1
6
Γijk(dW )ijk
)
η+ = 0 . (A.36)
Note that (A.34) can be used to eliminate S and N from the 3-form field strength H
to obtain
H = e+ ∧ e− ∧ h + re+ ∧ dh+ dW . (A.37)
Thus we have justified (3.1) and derived (3.2).
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